Solution to Class Test on Complex Numbers
March 2020

1. Suppose that the roots of the equation z* + az® 4+ bz? + ax + ¢ = 0 are ay, as, as,
and ay. Show that, (o + 1)(a3 + 1)(a3 + 1)(af +1) = (1 — b+ ¢)*

Solution. Since a1, as, as, ay are roots of this equation, we must have

p(z) =2 +ar® + b’ +ax +c= (v — a1) (2 — o)z — a3)(z — ay). (1)
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On the other hand, H H o + i = H(ak +i)(ay, — 1). Now from
k=1 k= k=1
4
equation (1) we have p(i H i — ay)(—1 — ag), which is exactly the right

k=1
hand side of the last equation. Hence

[T +1) =p@i)p(=i) == (1= b+c)*

2. Let AABC be an equilateral triangle with the circumradius equal to 1. Prove that
for any point P on the circumcircle, we have PA% + PB? + PC? = 6.

Solution. Let us set up a complex coordinate system such that the circumcircle
of AABC is the unit circle centred at the origin and the complex coordinate of
A is 1. The coordinates of B and C' can be taken as w and w? = w, where w =
cos 2 +isin 27 Let z be the coordinate of point P, which satisfies |z| = 1 (as P lies
on the c1rcumc1rle). Now,

PA?+ PB*+ PC? = |z — 1P+ |z —w|* + |z — @
=z-1)Z-1)+(-w(EZ-w)+(z—w)(Z—w)
=3zP+3-(z+2)(1+w+w?) =6.
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3. Determine the value of cos il + cos ST + cos om + cos [ + cos
. v — — — — —
ctermine 11 11 11 11 1

Solution. Let z = cos % + isin % In light of de Moivre’s theorem, observe that

the given sum is just the real part of the complex number z + 2° + 2° + 27 + 27,
which can be simplified to
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The real part of this complex number equals — <

1
2 + —) . Since |z] =1

-2 1-7%
implies 7 = 1/z, we get
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Therefore the given sum equals 7

. Show that for any positive integer n, the following identity holds:

ny [(n n ny 2 n n\y _(n n ny 2 _on
0 2 4 1 3 5 T
Solution. The binomial theorem states that

o= (5 (e () (e ()

The given quantity suggests that we should put z = i, —i etc. in this equation.
Indeed, if we add up such expressions for (1 + ¢)" and (1 — ¢)", the odd powers
get cancelled out and we get

L) (e (- () () ()

In similar fashion, if we subtract the later from the former, we get

(1+z')";(1—z')” . ((71%> ~ (g) N <Z) _>
Setting 2 = (14 i)” and y = (1 — 7)™, the given quantity can be simplifies as
(G- G ()) () -6)-C)-)
() (- (5) (5 o

Finally, zy = (1 4+4)"(1 —4)" = (12 — 3" = 2™,

. An ant is moving on the coordinate plane. Initially it was at (6, 0). Each move of
the ant consists of a counter-clockwise rotation of 60° about the origin followed



by a translation of 7 units in the positive x-direction. If the position of the ant
after 2020 moves is (p, q), find the value of p* + ¢*.

Solution. Let the position of the ant after n-moves be represented by a complex
number z,. Recall that multiplying a number by cos § + isin # rotates the object
in the complex plane by an angle ¢ counter-clockwise. In this case, we use w =
cos 5 + isin 3. Applying the rotation and shifting the coordinates by 7 in the
positive x direction results to 2,11 = wz, + 7 for each n > 0. Starting with z, = 6,
we have z; = 6w + 7, 2o = w(6w + 7) + 7 = 6w? + 7w + 7, and so on. Continuing

in this manner, we get

29090 = 6w2020 4 7’LU2019 4 7w2018 AT

From de Moivre’s theorem, w?® = —1. Hence w?'? = (w?)°4d = —1 = 4?20 = —u.
Now the above sum can be simplified in different ways:

Way 1
1 — 2021 1 2
6w2020+7w2019+7w2018—|—...+7:—w2020—|—7( w ):w+7 tw
1—w 1—w
1-1
:w—|—71—/w (sincew® = 1) =w —T/w=w — 7W.
—w
Way 2

G020 4 72019 | 7 2018 Lo
= -+ 71+ w+w® + -+ ) (W + 0w + .. .) + - - (keep adjusting)
— w0 71wt w? 44 0P 4w g ) — Tw
= —(—w) = 7/w (since (1 +w+w?+ - +w’)=(1—w’)/(1 —w)=0)
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=w—T7w (asw=1/w).

To obtain the final answer, note that p? + ¢> = |w — 7Tw|*> = | — 3 + 41/3i|? = 57.



